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Calculate the sum of the cubes of the first » Fibonacci’'s numbers.
Solution by Arkady Alt, San Jose, California, USA.
Let (F,) be sequence of Fibonacci numbers defined by

Fooa=F,+F,_1,neN and Fy = 0,F = 1.
We will prove that iF,% _ ot 6(_113n 1 £ 5

k=1

By replacing m in Luca’s formula F,.,, = Fy.1 Fy + FuF,m1 With 2n we obtain
Fin = Fuion = Fopai Fp + Fy,F,oy. Applying identities F,. = F2,, + F2 and
Fo, = F,,(F,,+1 +Fn_1) we obtain Fs, = F,,(F,Z,H +F%) +Fn_1Fn(Fn+1 +F,,_1) =
F3 4+ F2F, 0 + F2 \Fy+ Fy FyFpy = F3 4+ F(F2 = 2F, 1 Fpi + F2) + 3F, 1 F o F i1 =
Fy + Fy(Fust = Fuo)? + 3F 1 FyF i1 = 2F) + 3F, 1 FyF .
Since F,i * Fp —F2 = (=1)" < FyiFyFp = F3 + (=1)"F,.
F3, +3(-1)"'F,

Thus, F3, = 5F; +3(-1)"F, < F; =

since Y_F} = % (Zng +3 2(—1)"“Fk) remains to find 3_ Fz, S.(-1)*'Fy.
k=1 k=1

k=1 k=1 k=1

and, therefore,

We have Y (-1)"Fy = —F; +Y_ (-1 (Fs1 + Fr2) =
k=1 k=2
—Fi+y, (1) PFia = CD"'Fio) = =F1 +Fo = (1) Foop = =1+ (=1)"F,y
k=2

n n n
Since* F3(n+1) = 4F3, +F3(n_1) then Z F3(k+1) =4 ZF3k + ZF3(/€—1)'
k=1 k=1 k=1

LetS, =D Fs. Then Y Fiuen) = Su+ Fas — F3 = Sy + Faps — 2,
ot ot

Y Fiuc1)y = Sy — F3, and 48, = D 4F3 = D Fagu) — 2 Fagen) =
s sy st pt

Sp+F3u3=2=8,+F31 = Fyp3 + F3, =2 = Fapa — Fapa + F3, = 2.
But since* F,., = 3F,— F,»foranyn € Nthen Fi,4 — Fapo + F3y = 2F 3542

and, therefore, > Fy = %(F3n+2 -1).
k=1

HenCG, zn:F]% — %(%(F3n+2 _ 1) + 3(_1)n_1Fn—1 _ F3n+2 + 6(—113ﬂ 1F'n—l +5 )
k=1
* Forany naturaln > 2we have Fy.» = Fp +Fn, Fuii = Fo+ Fooy, Fy = Fuol + Fuoa.
Hence Fo =2F,+ Fuii =2F,+ (Fy— Fua) =3F,— Fus.
AlSO Fri3 = Fua+ Fun = (3Fy—Fua) + (Fn+Fut) = 4F, + (Fat — Fu2) =

4Fn +F,3.




